WELL-POSEDNESS OF THE WATER-WAVE PROBLEM WITH 

SURFACE TENSION 



MEI MING AND ZHIFEI ZHANG 

Abstract. In this paper, we prove the local well-posedness of the water 
wave problem with surface tension in the case of finite depth by working in 
the Eulerian setting. For the flat bottom, as surface tension tends to zero, 
the solution of the water wave problem with surface tension converges to the 
solution of the water wave problem without surface tension. 



1. Introduction 

1.1. Presentation of the problem. In this paper, we are concerned with 
the motion of an ideal, incompressible, irrotational gravity fluid influenced by 
surface tension on its surface in the case of finite depth. We restrict our attention 
to the case when the surface is a graph parameterized by a function ((t,X) 
where t denotes the time variable, and X = (X\, ...,Xd) denotes the horizontal 
spacial variables. The bottom of fluid is parameterized by a function b(X). 
We denote the fluid domain at time t by Vt t . The motion of the fluid in Q t is 
described by the incompressible Euler equation 

d t V + V ■ V x>y V = -ge d+1 - V x>y P in Sl u t > (1.1) 

where —gej+i = (0, • • • , 0, —g) denotes the acceleration of gravity and V = 
(Vi, Vd, Vd+i) denotes the velocity field {V d +i is the vertical component). The 
incompressibility of the fluid is expressed by 

divV = in Q t , t > 0, (1.2) 

and the irrotationality means that 

curll^ = in Q t , t > 0. (1.3) 

Assume that no fluid particles are transported across the surface. At the 
bottom, this is given by 



V n \y= b (x) ■= n_ • V\ y=b(x) = for t > 0, X E R d (1.4) 
where n_ := . 1 =(Vy6, — 1) T denotes the outward normal vector to the 
lower boundary of Qf At the free surface, the boundary condition is kinematic 
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and is given by 

d t (-y/l + \V x (\ 2 V n \ y=ax) =0 for t>0,XeR d (1.5) 
where V n = n + ■ V\ y= a X ), with n + := 1 „ 9 (-VxC 1) T denoting the out- 

ward normal vector to the free surface. 

With surface tension, the pressure at the surface is given by 

P\y=«t,x) = -*Vx ■ ( h ^ ,J for t>0,XGM rf , (1.6) 

V 1 + I VxCI 

where k > is the surface tension coefficient. 

The above problem is known as the water wave problem. Concerning 2-D 
water wave problem, when surface tension is neglected and the motion of free 
surface is a small perturbation of still water, one could check Nalimov [T6] , 
Yosihara [20] and W. Craig [9]. In general, the local well-posedness of the 
water wave problem without surface tension was solved by S. Wu jTHl EE] in the 
case of infinite depth and see also Ambrose and Masmoudi [H [5] for a different 
proof. More recently, D. Lannes [13J considered the water-wave problem without 
surface tension in the case of finite depth by working in the Eulerian setting. 
We should mention some recent results concerning the rotational water wave 
problem[I5IISlinil22]. 

The purpose of this paper is to study the water wave problem with surface 
tension and zero surface tension limit in the case of finite depth. Although it 
seems possible to adapt the method of Ambrose and Masmoudi [U [5] to the case 
of finite depth, we choose to work in the Eulerian setting as in JT3], since it's 
the easiest to handle, especially when the asymptotic properties of the solutions 
are concerned^ [7J. On the other hand, the water wave problem can be refor- 
mulated as a Hamiltonian system in the Eulerian coordinates [21]. To exploit 
the theory(for example, canonical transformation theory) in the Hamiltonian 
mechanics, it is natural to use the coordinates in which the water wave problem 
has a Hamiltonian structure. 

1.2. Presentation of the result. As in [13] . we use an alternative formula- 
tion of the water wave system fll.ip - fll.6l) . From (11.21) and (jl.3p . there exsits a 
potential flow function such that V = V x,y4> and 

A x , y <p = in tt t , t > 0. (1.7) 

The boundary conditions (11.41) and fjl.5p can be expressed in terms of 

d n My=b(X) = 0, for t > 0, X G R d , (1.8) 

and 

d t C - y f l + WxX?d n+ ct ) \ y=a x) = 0, for t > 0, X G M d , (1.9) 

where we denote d n _ := n_ • V x, y and d n+ := n + • V x, y - The Euler's equation 
( 11. II) can be put into Bernoulli's form 

d t + ^\Vx, y <P\ 2 + gy = -P in tt t , t>0. (1.10) 
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We next reduce the system (11. 71) - (11. 101) to a system where all the functions 
are evaluated at the free surface only. For this purpose, we introduce the trace 
of the velocity potential <fi at the free surface 

1>(t,X) :=tj>{t,X,C{t,X)), 

and the (rescaled) Dirichlet-Neumann operator G((,b)(or simply G(Q) 

G(C)4> ■= a/1 + \V x C\ 2 d n+ <p\ y=at , x) . 

Taking the trace of ( 11.101) on the free surface, the system fll.7p - fll.10D is equiv- 
alent to the system 

= 0, 

(G(C)V'+VxC-VxV') 2 _ „V7 / VxC \ (1.11) 
2(l+|VxCI 2 ) KWX ' Vl+|VxCI 2j ' 

which is an evolution equation for the height of the free surface ((t, X) and the 
trace of the velocity potential on the free surface if)(t,X). Our results in this 
paper will be given for this system. 

We will essentially follow the framework of [13J. It is well-known that Taylor's 
sign condition is a necessary condition for well-posedness of the water-wave 
system without surface tension [TOl [12]. It is unnecessary for the system with 
surface tension due to the "smoothing effect" of surface tension. Due to the 
derivative loss in the system (11.111) . we will use Nash-Moser iteration to solve 
(II. lip . The key step is to obtain the well-posedness and the tame estimates of 
the soluion to the linearized equations of ( 11.111) : 




d t V 1 + V x -(vV 1 )-GV 2 = H 1 , 
d t V 2 + (a - A)Vi + v ■ V X V 2 = H 2 , 



'1.12) 



where a, v are smooth functions, the source terms (Hi, #2) G H k+1 xH k+ 2,G 
G(Q and 

vx 



A = kV 



x 



l + |VxC| 2 (! + |VxCP 



As usual (find a change of unknowns which symmetrizes the system ( I1.12p ). if 
we try to use the energy functional 

E k (V) = (A k V u -AA k Vx) + (A k V 2 ,GA k V 2 ), A = (1 + |D| 2 )^ 

we have to deal with some singular terms like 

(A k V 2 ,[G, -A|A*Vi). 

Note that V x e H k+l and V 2 G H k+ 2. It seems impossible to control this term 
by |^i|_H" fe + 1 1 V2I fc+ 1 , since the commutator [G, — A] is an operator of order 2. 
Fortunately, we find an important fact that the main part of the Dirichlet- 
Neumann operator G is similar to that of the operator A. Formally, if the main 
part of G is the same as that of the operator A, we expect that [G_, —A] becomes 
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an operator of order 1. In order to use this fact, we need to introduce a more 
complicated energy functional 

E k (V) := (A k aV 1 ,a- 1 (a-A)<T- 1 A k <TV 1 ) + (A k a~ l V 2 , aGa^a^), 
where 

~ n 9i(dj( _ l 

A=\D\ 2 - 1+ y± DiDj, a=(l + |VxC| 2 )^- 

On the other hand, to obtain the tame estimates of the solution, we rely heavily 
on some sharp pseudo-differential operator estimates obtained in |14j . 
Now we state our results as follows. 

Theorem 1.1. Let b G C%°(R d ). There exists P > D > such that for all 
Co e H s+p (R d ) and ip be such that VxV'o e # s+p (M d ) d , with s > M (M 
depends on d only). Assume moreover that 

min{Co — b, —6} > 2ho on M. d for some ho > 0. 

Then there exist T > and a unique solution (CVO to the water-wave sys- 
tem (11.111) with the initial condition (CojV'o) an d such that (C,^ — V'o) G 
C^M, # s+D (M d ) x H 8+D (R d )). 

For the flat bottom, we also obtain the zero surface tension limit. 

Theorem 1.2. Let b = — 1 and (CojV'o) satisfy the same assumptions as Theo- 
rem [LTJ Assume that the surface tension coefficient k is sufficiently small. Then 
there exist T > independent of k and a unique solution ip K ) to (11. lip with 
k > such that (C,^ K - V^o) e ^([0,7], J ff s+D (R a! ) x if s+D (R a! )). Moreover, 
as k tends to zero, the solution (C K , V'' 1 ) converges to the solution (£, ^) of fll.lll) 
with k = 0. 

Remark 1.3. In [T5], D. Lannes proved the well-posedness of the water wave 
problem without surface tension under the following condition on the bottom 

IT 6 (Vo \ y =b(x), V \y= b ( x )) < 9 =, (1.13) 

y/l + \V x b\ 2 

where life is the second fundamental form of r&, and Vo is the velocity field 
associated to i^q. In the case of nonzero surface tension, we don't need this 
extra condition (I1.13p . 

Remark 1.4. Under the condition f 1 1 . 1 3 [) . D. Lannes proved the Levy condition 
in the case of zero surface tension. However, we don't know whether the Levy 
condition still holds for small surface tension under fll . 13j) . This is the reason 
why we restrict Theorem 11.21 to the case of the flat bottom. 

Organization of the paper. In section 2, we prsent a tame elliptic estimate 
on a strip. In section 3, we review some sharp pseudo-differential operator es- 
timates, and then introduce an important elliptic operator and study its prop- 
erties. Section 4 is devoted to the study of the Dirichlet-Neumann operator. 
In section 5, we prove the well-posedness of the linearized water-wave equa- 
tions and the tame energy estimates of the solution. In section 6, we solve the 
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fully nonlinear equations by using Nash-Moser iteration and study zero surface 
tension limit. 

1.3. Notation. We list some notations we will use throughout this paper: 

-C denotes some numerical constant which may change from one line to 
another. If the constant C depends on Ai,A 2 ,..., we simply denote it by 
C(A 1 ,A 2 ,...). 

-We denote by mo the first integer strictly larger then 
-We write \a\ — ai + ... + cxd+i with a = (aii, a^+i)- 

-We denote di = dx i: for % = l,...,d, dd+i = d y , and for a £ N d+1 ,d a = 
9 1 Q1 ...9 d+1 Qd + 1 . 

-We denote by C k (M. d ) the set of bounded and continuous on M. d functions 
together with their derivatives of order less than or equal to k. We also denote 

c? = n k c*. 

-We denote by (•, •) the usual real scalar product on L 2 (M. d ). 

-We denote by A = A(D) the Fourier multiplier with the symbol A(£) = 

(i + KI 2 )i 

-We denote by H s (R d ) the Sobolev space with norm := (/ A(£) 2s |/(0 W^- 

-We denote = sup, e[0jT] \f(t)\ H ., when / G C([0, T],H S ). 

-We denote \F\ B = \fi\s + ■■■ + |/n|s, where F = (f 1: /„), B is a Banach 
space, and F e B n . 

-For an open set U C M d+1 we denote by ||- : U\\ p , ||- : C/||fc j00 , and ||- : U\\k,2 
the norms of L P (U), W h,00 (U) and H k (U) respectively. When no confusion can 
be made we omit U . 

2. Elliptic boundary value problem on a strip 

Assume that Q = {(X, y) e R d+1 ,b{X) < y < a(X)}, where a(X) and b(X) 
satisfy 

3h > 0, s.t. on R d , mm{-b(X), a(X) - b(X)} > h . (2.1) 
We study the boundary value problem of the form 

J —Ax, y u = h on fi, 

\ u\ y=a (x) = f, d n _u\ y=b (x) = 9 

where h is a function defined on Q, f, g are functions defined on IR d , and 
d n _u\ y= b(x) denotes the normal derivative of u at the boundary y = b(X). 

We denote by S = R d x (—1, 0) a flat strip. We denote by S a diffeomorphism 
from S to Q, which is of the form 

(X,y)^(X,s(X,y)), 

where s(X,y) = -b(X)y + (l+y)a(X). 

Using the diffeomorphism S, the elliptic equation —A x , y u = on Q can be 
equivalently formulated as a variable coefficients equation Pu = on S. More 
precisely, 
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Lemma 2.1. The elliptic equation —Ax, y u = h holds in T>'(Q) if and only if 
the equation Pu = (a — b)h holds in T>'(S), where u = u o S and h = h o S, and 
P := -Vx, v ■ P^x,y, with 

P- 1 f( a - b ) 2l dxd (b-a)Vxs\ ~ ( ~ 

F -^b\{b-a)V 5t s T 1 + |V^| 2 J' V * S - V x by+{l + y)V x a. 

Moreover, one has for all G R d+1 , 

h 2 

P0-0>p|0| 2 , with p = C 



a-b\Ul + \\(V x a,V x b)\\iy 

The following tame estimate of the coefficient matrix P will be frequently 
used in the subsequence: for any k G N 

||-P||&,2 — C(ho, \b\wk+i,aa, \a\ H m. +i)\a\jjk+i, (2-2) 

which can be deduced by using Holder inequality and interpolation argument 
(see also Appendix A in [13]). 

We next present the tame elliptic estimate of the following variable coefficients 
elliptic equation: 



Pu := — V X,y ■ P^X,yU = h Oil S, 

u\ y =o = /, d^u\ y= ^ = g, 



(2.3) 



where d% denotes the conormal derivative associated to P 

d^u\y = -! = e d+1 ■ PV X ,yU\y=-l. 

Proposition 2.2. Let k G N. Let / G H k+ l{R d ), g G H k+ ^(R d ) and h G 
H k (S). lib e w k+2 >°°(R d ) and a G H k+2 n H 2mo+2 (R d ), there exists a unique 
solution u G H k+2 (S) to Ijfcjj) . Moreover, 

IMU+2,2 < C fc (||/i|| fc|2 + |/| h h-§ + bl^+i) 

+Cfc(||^||m -i,2 + l/l^mo+i + \g\ Hmo ^i)\a\ H k+2, 

where Ck = C(p, \b\ W k+2,oo, \a\ H 2m +2). 

Proof. This is a direct corollary of (12. 2p and Theorem 2.9 in [13] . □ 

3. Sharp pseudo-differential operator estimates 

Let us firstly recall some tame pseudo-differential operator estimates from 
which play an important role in the energy estimates. 



Definition 3.1. Let m G R, p G N and let E be a function defined over R^ x R|. 
We say that E G C°°(R P , M m ) if 

(1) E| MPx{ | ? |< 1} GC 00 (R^L 00 (|e|<l)); 

(2) for any a G W, (3 G N d , there exists a nondecreasing function C aj/ g(-) such 
that 



su P (i + iei 2 )^- m}/2 a^E(«,o <c ai/J (M)- 

i«i>i 
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We say that £ G L7°°(M p ,A< m ) is ^-regular at the origin if £| M „ x{ | ? |< 1} G 
L7°°(R P ; W k '°°({\£\ < 1})). 

We have the following tame pseudo-differential operator estimates: 

Proposition 3.2. Let m G R, p G N and <i/2 < to < s o- Assume that 
o-(x,0 = E(v(x),£) with £ G C°°(M. p ,M m ) and u G # s °(R d ) p . Then there 
hold for all s G R such that max{— t , — 1 — m!}<s<So + l 

\a(x,D)u\ H s < C s (|u| oo )H#t |u|.H-»+m, V-t < s < t , 

|cr(x, < C S (|f |oo)(|f | H «|w|h"*+*o + Vt < -5 < S . 

For ii e N, we define crijj n <r 2 as 

|o|<n 

and the Poisson bracket {cri,<r 2 } n as 

{01,02}n = <7i|} n <T2(a;,0 - a-aUn^iC^O- 
We have the following tame composition and commutator estimates: 

Proposition 3.3. Let m 1; m 2 G R, m := mi A m 2 , and cf/2 < to < s o- Let 

= E^iO^O withp* G N, X j G C°°(R«, M m i) andu,- G F s o+™An+i( K d) W 
(j = 1,2). Assume moreover that S 1 and S 2 are n-regular at the origin. Then 
for all s G R such that min{— to, —to — mi, —to — m 2 } < s < So + 1 the following 
holds (writing v := (t>i,t> 2 )) 

|Op((J 1 ) O Op(<J 2 )« — Op((J 1 # n Cr 2 )M|^ S < C(|v|lVn+l,oo) [|u|j 3 - s +m 1 +m 2 -n-l 

"I - ( | f | Jft + 1 \V | jjs + +mAn -|- \V \n t + 1 \v | jjSj^+mAn ) | U | Jjm + t J . 

In particular, one has 

|[Op((J 1 ), Op(<7 2 )]w — Op({(T , CT 2 } n )w|_H's < C(\V \ W n+l,<x>) \\u\ H s+m. l +m 2 -n.-l 

~\~(^V \j]ty + l\v |j^-s_|_+mAn ~\~ |/f t + 1 |'^ | J^-S-)- +m An ) | W | ^m+tQ J . 

Here s + := max{s, 0}, m An := max{m, n}. 

Remark 3.4. If the symbol a = £(t>(X, y), £) and u = u(X,y) for (X,y) G 
G R d , Prop. O and E31 with F^R ') norm replaced by H k (S) norm still 
remain true. We only need to notice the following two facts: Firstly, since S 
is a flat strip, there exists a linear extension operator E : H k (S) — > H h (M. d+1 ) 
such that (see [1]) 

Eu(X,y) = u(X,y), a.e. (X,y) G S and 

< C|| u ||iJ*(S)- 

Secondly, 

a(X,y,D)(Eu)(X,y) = a(X,y,D) U (X,y), a.e. (X,y)eS, 
where ?(X,y,0 = S((^)(X,y),0. 
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We next introduce an elliptic differential operator A a defined by 

K = \D\ 2 - T ^^ 15 D t D jl Dj = a G H°°(M. d ) 
1 + \Vxa\ 2 % 

which will appear in the energy functional. Later, we will find that the operator 
A a is similar to the main part of the Dirichlet-Neumann operator G(a, b). Here 
the repeated index denotes the summation. In what follows, we denote by Ck(s) 
a constant depending on k and \a\n s - 

Lemma 3.5. Let k G N, s > 0, / G H 2k+S n H ma (R d ). Then there holds 

\Kf\ns < C k (m + l)(\f\ H 2k+s + \f\ H ™ \V x a\ H 2 h+a ). 

Proof. Since lemma can be easily proved by using Holder inequality and inter- 
polation argument (see Appendix A in [13]), we omit its proof here. □ 

Lemma 3.6. Let k G N, s G [0, 1], / G H 2k+S n H mo (R d ). Then there holds 

|Aa/|ff* > C k (m + 2)- 1 \f\ H 2 k+s - C k (m + 2)(1 + \V x a\ H 2 k+ s)\f\ H m . 

Proof. We use an inductive argument on k. Let us firstly prove the case of 
k — 1. We can rewrite A a as 

A a = [Sij - (1 + \ V x a\ 2 )~ ld i ad A D i D 3 
— 9ij(y xa)DiDj. 

Then we have 

(AJJ) = -(g^Vx^d^fJ) 

= (9ij(VxaW, djf) + {djgijiVx^dif, /) 

> C(m + lr^V/H, - C(m + 2)|/| L2 |V/| i2 

> C(m + l)- 1 |/l^-C(m + 2)|/|i 2 . (3.1) 

Note that 

|(A a Vx/,Vx/)| < |(VxA a /,Vx/)| + |((Vx^)AA'/>Vx/)| 
< (|A o /| i2 +C(m + 2)|/| H i)|Vx/|Hi, 
which together with (13.11) gives 

C(m + iy l \V x f\ 2 H , < (A a Vxf, V x f) + C(m + 2)\V x f\ 2 L 2 

< C{m ^ iyl \V x f\ 2 m + C(m + 2)|A a /|i 2 + C(m + 2)|/&. 

That is, 

\Kf\v > C(m + 2)- 1 \f\ H 2 - C(m + 2)\f\ L 2, (3.2) 

from which and Kato-Ponce commutator estimate, it follows that 

|AJV > lAJS/lv -{[A^gtjlDiDjflv 

> C(m + 2)- 1 \f\ H 2 + s-C(m + 2)\f\ H s 

-C{m + 2){\V x a\m+Af\H^o + \f\m). 
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Again, by (13. 2[) we get 

|Aa/V > C(m + 2)- 1 \f\ H2+s - C(m + 2)(1 + | V x a\ H2+s )\f\ Hmo . (3.3) 

Now let us inductively assume that for 1 < I < k — 1 

Kf\n> > Q(m + 2)- 1 \f\ H2l+ s - a(m Q + 2)(1 + \V x a\ H 2i +s )\f\ H m . (3.4) 

Then we get by the induction assumption that 

\A k J\ HS = IA^AJIhs > C k (m + 2)- 1 \A a f\ m ^ 1)+8 

-C k (m + 2)(1 + \Vxa\ H 2(k-i)+s)\A a f\ H ™o)- (3.5) 

While by (13.31) and Kato-Ponce commutator estimate, we have that for any 
\a\ = 2(k- 1) 

|«9 Q A a /|^ > \A a & x f\ H --\[dP',g ij \D i Djf\ H . 

> C(m + 2)" 1 |/liP*+. - C(m + 2)1/1^-1) 
-C fc (m + 2)(\Vxa\H^+°\f\H m o + \f\ H 2k-i+ s ), 

and by interpolation, 

C k (m + 2)1/1^-!+. < ic(m + 2)- 1 \f\ H 2, +s + C k (m + 2)\f\ H m , 

which together with (13.41) and (I3.5P imply the lemma. □ 
Similarly, we can also obtain 

Lemma 3.7. Let k G N, s G [0, 1], / G H 2k+S n H m °(R d ). Then there holds 

\a a A k a a^f\ Hs > C k (m + 2)~ 1 \f\ H2k+s - C k (m + 2)(1 + \V x a\ H 2 k+s )\f\ H m . 

A similar estimate also holds for |cr^ 1 A^cr a /|^ s . Here a a = (1 + |V x a\ 2 )^^ ■ 

In the energy estimates, we need to deal with the following commutator 

W A k ] =VA k - A k V 

where the operator V a is defined by 

V a = (a a V x cx a •) -f — — — 3 ) • 

v (1 + |Vxa.| ) 4 7 

By a simple calculation, we find that the operator V a can be written as 

V a f = -Aa/ + hiVxa, V 2 x a)V x f + h 2 {V x a, V 2 x a, V 3 x a)f, (3.6) 
for some two smooth functions hi, h 2 . So, we arrive at 
Lemma 3.8. Let k G N, s G [0, 1], / G H 2k+S n H m °(R d ). Then there holds 
\[V a ,A k ]f\ H s < C k (m + 4)(\f\ H 2 k+ s + \V x a\ H 2(k+l)+s\f\H m o). 
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Proof. By (13. 6p . we have 

[V„A*\f=[h 1 Vx,AZ\f+[h*,A*\f. 
Firstly, we get by Lemma [3.51 that 

\[h2,A k a ]f\ H s < \h 2 A k J\ H s + \A k a (h 2 f)\ H s 

< C k (m + 4)(\f\ H 2k+ s + \Vxa\ H 2(k+i)+ s \f\ H ™o). (3.7) 

While, 

[hVx, A k a }f = (hV x A k J - hA k a V x f) + (hA k Vxf - A%V x f) 

k 

= h 1 C ^ II Dai 3nn {^xa)DPf 

Ef =1 Kl + l/3|=2fc+l 1=1 
\0\<2k 

k 

+ E C' a ^l[D a >g HJl (V x a)[ £ C^D^hD^Vxf], 

£?=iH+|/J[=2* i=i *££=f 

from which, we get by using Holder inequality and interpolation argument that 
| [h Vx, A k ]f\ Hs <C k (m + 2){\f\ mk+ s + | V x a\ HW)+a \f\ Hmo ). (3.8) 
Summing up (13.71) and (13. 8p . we conclude the lemma. □ 

4. The Dirichlet-Neumann operator 
Assume that the fluid domain Q is of the form 

Q = {(X, y) e R d+1 , b(X) < y < a(X)} 
where a(X) and b(X) satisfy (12. ip . We consider the boundary value problem 

-Au = on Q 

\y= 

Definition 4.1. Let k e N, and a, b e W 2 '°°(R d ) satisfy the condition flSJJ). 
We define the Dirichlet-Neumann operator to be the operator G(a, b) given by 

H k +l(R d ) -> F fc +5fM rf ) 



=a(X) — / j 0» n _«| y= 6(x) = U. 



G(a, b) : , 

f h-> ^1 + \Vxa\ 2 d n+ u\ y=a{ x), 

where u is the solution of (14.11) . 

As in section 2, we can associate the elliptic problem (14.11) on Q to a problem 
on a strip S: 

^ = \ Tp- 5 ' n < 4 - 2 > 

U\y = = /, d^M|y = _l = 0. 

We denote by f b the solution of (14. 2p . Then we have 

G(a,b)f = -d?f b \y =0 , VfeHl(R d ). 
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In what follows, we firstly recall some properties of the Dirichlet-Neumann 
operator from |13j . Let us introduce some notations. When a bottom param- 
eterization b G W k,OD (M. d ) is given, we write B = \b\yyk,oo. For all r, s G M, we 
denote by M(s)(resp. M r (s)) constants which depend on B and |a|#s(resp. r, B 
and |a|#»). 

Proposition 4.2. Assume that a, b satisfy (12. ip . Then there hold 

i. For all k G N, if a, b G W fc+2 '°°(R d ), then for all / such that V x f G 
# fe+ l(R d ) 2 , one has 

|C( a ^)/l H fe+i < C(|a|vi/fe+2,oo, |6| H /fe+2,oo)|Vx/l H fc+i • 

ii. For all k G N, if a G F 2m °+i n F fe+ i(R d ) and if b G jy fe+2 (R d ), then 

|G(a,&)/|^ + i < M k (2m + x f\ Rk+l + \a\ Hk+ z \V x f\ Hmo+ , ), 
for all / such that V*-/ G H k+ ^ fl # mo+ 5(R d ). 

Proposition 4.3. Let a, 6 G W 2 '°°(E d ) satisfy (JET). Then there hold 

i. The operator G is self-adjoint: 

(G(a,b)f,g) = (f,G(a,b)g), Vf,g G S(R d ); 

ii. The operator is positive: 

(G(a,b)fj)>0, V/G5(l d ); 

iii. We have the estimates for f,g G iS(R d ): 

|(G(a,6)/^)|<M(m + ^)|/| H iby; 
|([G(o,6)+A*]/,/)|>C7p|/| j4) 
for all fi > y , where p is given in Lemma 12.11 
Define the operator 

R a = G(a,b)-g a (X,D), 
where g a (X,D) is a pseudo-differential operator with the symbol 

We have the following tame estimate for R a : 

Proposition 4.4. Let fceN,/6 H k+ ^ n H mo+1 (R d ). Then there holds 

\R a f\ Hk+h <M k {2m + 2){\f\ Hk+ i+\f\ Hmo+ i\a\ Hk+3 ). 

Remark 4.5. The case when k — 0, — 1 was proved in |13J . To obtain the 
tame estimate for general k, we need to use the approximate solution of (14.21) 
constructed in [13] and the tame pseudo-differential operator estimates from 
|14j . Proposition 14.41 also tells us that g a (X, D) is the main part of the Dirichlet- 
Neumann operator G(a, b). 
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Let us firstly recall the approximate solution of (14. 2[) constructed in [13] . 
Write P given by Lemma 12.11 as 



P 



Pi P 

P T Pd+i 



i.e., 



Let 



-Pd+idl - (2p • V x + (fyPd+i + V x • p))9 fi 



P apP = -Pd+i(dy - rj-( x , V, D ))(9y- r)+(X, y,D)) 
where 7]±(X,y,D) are pseudo-differential operators with symbols 

v±(x, v,£) = J- (-ip ■ £ ± Jpd+it ■ Pe - (p • 2 ) , ye [-1,0]. 

Moreover, r] + satisfies 

H^|e|>Re(7 7+ (X,^0)>C + |^|, 
P 

where C + is a positive constant depending on ho,p, \b\i >0O and |Vxa|_ff m o. There- 
fore, there exist functions H±(v,£) G C°°(lR ( - d+1 - ) ,7V! 1 ) 1-regular at the origin 

such that v±(X,y,Z) = X±(.P(X,y),S). 

The approximate solution f^ pp of (14. 2p is defined as follows 

f b app {X,y)=a app {X,y,D)f, (4.3) 
where a app (X, y, £) = exp(— J~ rj + (X,y' , £)dy'). We know from [13] that 

0.(X,i?)/ = -#OH>- ( 4 - 4 ) 
Proof of Proposition 14.41 By the definition of G(a, 6) and (I4.4p . we have 

Raf = ~9 n (/ — / app )|y=0 = — /r lff=0j 

where = f b — fa PP - We use the trace theorem and (12. 2p to get 

|-^a/l H fc+^ = kd+l • PVx,yfr \y=o\ H k+^ < Cfc || PVx^/r ll-fl" fc - 2 

< M fe (m + l)(||/ r fe |U +2 , 2 + |a|^ +2 ||/ r b || 

We next turn to the tame estimate of ||/*||fc+2,2- From the proof of Lemma 
3.14 in |13|, we find that 



Pf b = -(P-V )f b _p f b ■= h 1 + h 2 
together with the boundary condition 



fr\v=0 — 0' dnfr\y=-l ~ ~®nfi 



app 



y=-l- 
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From Prop. 12.21 it follows that 

||/ r 6 |U +2 ,2 < M fe (2m + 2)(||^ pp || fc!2 + ||/4J M + |CCli/=-il^) 

+M k (2m + 2)(||/i^ p || mo _i i2 + H^applLo-1,2 + \dnf h a PP \y=-i\ H m Q -^)\ a \H^- 
Now it remains to estimate the right hand side of the above inequality. 
Step 1. Estimate of h\ . 
We set 

Tl {X, y, D) = V .(X, y, D) o V+ (X, y, D) - {r)„r) + ){X, y, D), 
T 2 (X,y,D) = (d m )(X,y,D). 
Then we find that 

P - Papp ~ Pd+in + Pd+lT 2 

= {dyVd+i + • p)dg - (Vx ■ Pi + dyp) ■ V x - 
Therefore, we obtain 

|| (P - P app )u\\ k , 2 < \\[(dyPd+i + V x ■ P)dy - (V x • Pi + dyp) ■ V x ]u\\k,2 
+\\pd+iTi(X,y,D)u\\k,2 + \\pd + iT 2 (X,y,D)u\\k,2. 
By f)2.2p . the first term of the right hand side is bounded by 

M k (m + 2)(||u|| fc+ i )2 + lal^^HuH^+i^). 
By Prop. I3.2ti3.3l and (I2.2p . the other two terms are bounded by 
M k (m + 2)(||ii|| fc+1)2 + |a|^ fc +2||n|| mo+ i i2 ). 

So we get 

|| (P - P a pp)u\\ ki2 < M k (m + 2)(||w|| fe+1)2 + |a| H fc+2||u|| mo+ i i2 ), 
which implies that 

\K pp \\k,2 = \\(P-P app )a app (X,y,D)ex P (^±y\D\)f\k2 



< M k (m + 2)\\a app (X,y,D)exp(^-y\D\)f\\ k+1 , 2 
+M k {m + 2)|| 

@app (X,y,D)eM^ 1 y\D\)f\\ mo+l,2| a |.ff fc + 2 5 

(4.5) 



,C_ 

~2 

,C_ 

~2 

where a app (X,y, D) = a app (X, y, D) exp(— -^-y\D\) is a pseudo-differential op- 
erator of order 0. By Prop. 13.21 we get 

|| ^appU 1 1| fc+1,2 

< M fc (m + l)(|H| fe+ i j2 + ||u|| 
which together with ( 14.51) gives 

< M k (m + 2)(\f\ Hk+h + \f\ Hmo+h \a\ Hk+2 ), (4.6) 
where we used the fact that 

\\exp(^±y\D\)fh + i,2<C k \f\ Hk+h . (4.7) 
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Step 2. Estimate of h 2 app . By the definition, we have 

\\h% p \\k,2= \\p d+1 (dy- V 4X,y,D))r 3 (X,y,D)ex V (^y\D\)f\\ k , 2 . 
where 

t 3 (X, y, D) = (r] + a app )(X, y, D) - r] + o a app (X, y, D). 
We get by Prop. EJ and (ED that 

\\{dy -r]-.(X,y,D))u\\ k) 2 < M k (m + l)(|M| fc+ i,2 + ||u|| mo+ i|o| ff *+ 1 ), 
and by Prop. Eland (E2D 

||r 3 (X, y, D)u\\ k+1)2 < M k (m + 2)(||«|| fe+1) 2 + |Mlmo+iNjr*+s), 
from which and (14. 7ft . it follows that 

\\h 2 app \\ k , 2 < M k (m + 2){\f\ Hh+h + \f\ Hmo+i \a\ Hk+3 ). (4.8) 

Step 3. Estimate of d% fa PP \y=-i- We rewrite it as 

®n f h a PP \y=-i - e d+i ■ P\y=-iB(X, D)f + e d+1 ■ P\ y =-\ ( 4 ^ ' Q ' )/, 
where 

r 4 (X,y,D) = V X (Tapp(X,y,D) - (i£a app )(X,y, D), 

B(X,D) = [( Jf +(X) _ U) y apP (X,-l,{)](X,-l,D). 

Note that the symbol a app (X, —1,0 is a smooth symbol, we get by Prop. 13.21 
and ([225 that 

\e d+1 • P| fi =_iS(X, D)f\ Hk+h + |r 4 (X, -1, D)/| ffH . 4 < M fc (m + 2)|a|^, +§ |/| £2 , 
which leads to 

l3X P b=-il H ^ < M fc (m + 2)|a| Hfe+i |/| x2 . (4.9) 
Summing up (14.61) . p~8i) and (14.91) . we obtain 

HZ'lU+2,2 < M k (2m + 2)(\f\ Hk+i + \f\ H m 0+1 \a\ Hk+ s). (4.10) 
The proof of Proposition 14.41 is finished. □ 

We next prove a tame commutator estimate which plays a key role in the 
energy estimate. It should be pointed out that we don't need this kind of 
estimates in the case of zero surface tension. 

Theorem 4.6. Let k G N, / G H 2k+ i n H mo+2 (M. d ). Then there holds 

\[a a G(a,b)a a ,A k a ]f\ H 3 < M k (2m + 2)(\f\ gah+ i + \f\ H r no+2 \a\ H 2 k+i ), 

where a a = (1 + |Vx<3.| 2 )~^- 
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Remark 4.7. The above result seems surprising, since [a a G(a, b)a a , A„] should 
be an operator of order 2k . However, thanks to special form of the operator 
A , the main part of a a G(a, b)a a is the same as that of A a so that it becomes 
an operator of order 2 k — 1, which is a key point of this paper. 

The proof of Theorem 14. 61 is very technical and will be divided into two parts. 
In the first part, we deal with the commutator estimate between the main part 
of G(a, b) and A a which can be obtained by using pseudo-differential operators 
calculus. In the second part, we deal with the commutator estimate between the 
remainder of G(a, b) and A a which relies on the construction of the approximate 
solution of the variable coefficients elliptic equation on a flat strip. 

Lemma 4.8. Let fceN,/e H k+ I n H mo+2 (R d ). Then there holds 

\[a a g a (X,D)a a ,A a ]f\ Hk+ i < M k (m + 3)(|/|^ fc+ | + \f\ H ™o+*\ a \ H k+%)- 

Proof. We write 

[a a g a (X,D)a a , A B ] 

= a a g a (X, D)[a a , A a ) + [a a g a (X, D),A a ]a a 

= <7 a g a (X, D) o ([cr a , A a ] - Op{a- a , A a }i) + cr a g a (X, D) o Op{a a , A a }i 

+ ([a a g a {X, D),A a ] - Op{a a g a {X, £), A a }x)a a + Op{a a g a (X, £), A a } l( x a 
± a a g{X, D) o Tl {X, D) + * a g a {X, D) o Op{a a , A a }, + r 2 (X, D)a a 
+Op{a a g a (X, £), A a }icr a . 
Furthermore, we find that 

cr a g a (X, D) o Op{a a , A a }i + Op{a a g a (X, £), A a }icr a 
= [cr a g a (X, D) o OpK, AJx - Op(a a g a (X, £){a a , A }i)] 
+ [Ov{a a g a {X, f), A a }xa a - Op({a a g a (X, f), A a } l0 - a )] 
+Op(a a g a (X, £)K, AJi) + Op({a a g a {X, £), A a } 1 a a ) 
4 T3 (X, D) + r 4 (X, D) + Op({a a g a (X, £)<r a , AJO. 

Note that 

Op(K^ a (X,0^a,A a } 1 ) = 0. 

Then we obtain 

[a a g a (X, D)a a , A a ] = a a g(X, D) o Tl (X, D) + r 2 (X, D)cr a + r 3 (X, D) + r 4 (X, D). 
With this identity, the lemma can be deduced from Prop. I3.2H3.31 □ 
Lemma 4.9. Let k G N, / G H k+ I n # mo+ i(R d ). Then there holds 

|| [P - P app , A a ]f b app \\ k>2 < M k (m + 3)(\f\ Hk+ s + \f\ Hmo+ s \a\ H w). 
Proof. Let n, r 2 be as in Prop. 14.41 We write 

[P - P app , A a ]f app = [P - P app + p d+1 T 2 {X, y, D) - p d+ MX, y, D),A a ]f b app 

+\p d+1 r 1 (X, y, D), A a ]f b app - \p d+1 T 2 (X, y, D), A a ]f b app 
4 I l + I 2 + I 3 . 
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From the proof of Prop. 14.41 we find that 

h = [(dyp d+1 + V x ■ p)dy - (V x ■ Pi + dyp) ■ V x ,A a ]f b app . 
So we get by Prop. E3]and ([22D that 

\\h\\k,2 < M k {m + 3){\f\ Hk+ 3 + \f\ Hmo+ s\a\ H k +i ), 
where we used the fact that (see also (14. 6ft ) 

fc+2,2 < M k (m + l)(\f\ Hk+i + l/l^o+i \a\ Hk+ s). 
Similarly, we have 

\\h\\k,2 + ||/ 3 |U,2 < M k (m + 2)(\f\ Hk+ s + \f\ Hmo+ z \a\ Hk+3 ). 
This completes the proof of Lemma 14.91 □ 
Lemma 4.10. Let fceN,/6 H k+ I n H m ° +2 (R d ). Then there holds 
\[R a ,A a ]f\ Hk+ t < M k (2m + 2){\f\ Hk+ s + \f\ Hmo+ 2\a\ Hk+5 ). 
Proof. Note that 

Raf = ~dn(f b ~ fapp)\y=0 == ~d n f r \y=0, 

so we have 

[R a ,A a ]f = e d+1 ■ PVx,y((^f)r - Kf b r )\y=0 + e d+1 ■ [PV X ,y, A a }f% =0 . 

Firstly, we get by Prop. E31 (E3) and KWi that 
\[P\7x,y,A a ]f b r \y =0 \ Hk+i < M k (2m + 2)(\f\ Hk+ 3 + \f\ Hmo+ i\a\ Hk+i ). (4.11) 

We now estimate the term le^+i • PVx, y ((A a f) b — A a f b )\y =Q \ Hk+ i. By the trace 
theorem, it suffices to estimate \\(A a f) b — A a f b \\ k +2,2- By the definition, 

P/r = — (P — P 'app) j app ~ ^appfappt 

P(A a f) r — — (P — ^ > app)(A a f) app — P app (A a /) app , 

which lead to 

P((Aa/)> " Kf b r ) 

~ ~ P ~~ Papp; ^a\f app ~ ^ app) (A a / app — (A a f) a pp) ~~ [P> ^-a]f r 

-P (A f) b + A P f b = h 

appV^-aJ Japp ' 1L a s - app J app "5 

together with the following boundary conditions 
(A a f) b - A a f b \y =0 = 0, and 
-d^((A a f) b - AafX^ 

= (ed+1 • P^X,y(A a f) b app - e d+ l ■ A a PVx,yfapp + e d+l ■ [P^X,y, A a ]f b ) \y=-\. 
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We get by Prop. Othat 
||(A a /)^-A a / r b || fc+2 , 2 

< M k (2m + 2)(\\h\\k,2 + K((A a f) b r - Kf b r )\y=-i\ Hk+ ^) 

+M k (2m + 2)(||/i|| mo _ li2 + |C ((AJt - A a / r 6 )| fi= _ 1 | fl1B0 _ i )|a| J iH. a . 
Following the proof of Step 3 in Prop. 14.41 and (14.111) . we find that 
|c£ ((A a f) h r - A a fr)\v=-i\ H k+§ < M k (2m + 2)(|/|^ +i + \f\ H ^\a\ Hk+i ). 
By the definition of h, we have 

k,2 < || [P - Popp, AoJ/oppHfc^ + || (P - P 'app)(A a fa pp ~ (A /)opp) |U,2 



+ || [P, A a ]/ r b || fcj2 + ||A a P a pp/ b pp — P a pp(A a f) b app \\k,2 

A 



'app - app\+~aj j a pp\ 

I + 11 + III + IV. 



We get by Lemma 1431 that 

/ < M k (m + 3X1/1^3 + |/| Hmo+ 3 |a|^ +4 ). (4.12) 



and by the proof of Proposition 14.41 

III < M k (2m + 2)(\f\ Hk+ B +\f\ Hmo+ i\a\ Hk+ z). (4.13) 

and 

// < M k (m + 2) {\\AJ b app -(AJ) b app \\ k+1 , 2 
+ l|A2/app — {A a f) b app \\ mo+ i^\a\ H k+2) . 

Note that 

II Aafapp ~ (Ao/)app]l|fc+l ) 2 

c c 

< ||[A a ,CT app ]exp(— y\D\)f\\ k+lj2 + \\a app [A a ,exp(^y\D\)}f\\ k+h2 . 

By Prop. 13.31 fl2.2j) and (14.71) . the first term above is bounded by 

M k (m + 2)(\f\ Hk+ s + |/|^ mo+ 3 \a\ Hk+i ). 

By the definition of a app in Prop 14.41 we rewrite it as 

3C C 
a app (X,y,D) = a app (X,y,D)exp( ^Ly\D\)exp(-±y\D\). 

Note that a app (X, y, D) exp(— ^-y\D\) is still a pseudo-differential operator of 
order 0, we thus get by Prop. E21 Q) and (g2D that 

\\a app u(-,y)\\ k+1 < M k (m + 1) sup (\u(-,y}\ k+ i + |u(-,y)|Hmo|o| H *+a)(4.14) 

ye[-i,o] H 

On the other hand, we can show by using Bony's paraproduct decomposition [7] 
that for any y G [—1, 0] 

c 

|[A ,exp(-ty|D|)]/| iffc+ i <M fe (m + 2) (1/1^+3 +1/1^+2^1^+4), 
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which together with (I4.14p gives 
C 

\\a app [A a ,exp(—y\D\)]f\\ k+1}2 < M k (m + 2)(|/|^ fc+ 3 + \f\ Hmo +2\a\ Hk +4){A.15) 
So, we get 

// < M k (m + 2){\f\ Hk+ * + |/|Hmo +a |o|^). (4.16) 
For IV, we have 

IV = \\[A a ,P app o a app ]f || fcj2 , 

where 

C 

P o o app = -p d+ i{dy - 7i-{X,y,D))r(X,y,D) exp(—y\D\), 
r(X,y,D) = (r] + a app )(X,y,D) - r] + o a app (X, y, D). 

So, we get 

C 

[A , P apP o a app ] = pd+i{dy - 77_)[t, A a ] exp(— f/|D|) 

c c 

+[Pd+i(<% - »7-), A a ]r exp(-±y\D\) + p d+1 (d y - r)-)T[exp(-±y\D\), A a ), 

from which, we get by Prop. I3.2H3.31 ( 12.2ft and ( 14.71) (for the last term, we need 
to use a similar argument leading to (I4.15P ) that 

IV < M k (m + 3X1/1^3 + \f\ H m 0+ 2\a\ Hk+5 ). (4.17) 
Summing up fl4.12M.13p and (14 .16114 .171) . we obtain 

IHIk,2 < M k (2m + 2)(|/|^ fc+ 3 + \f\ Hmo+ 2\a\ Hk+5 ). 
Thus, we have 

\\(AJ) b r - Kf b r \\k + 2,2 < M k (2m + 2)(\f\ Hk+ s + \f\ H m 0+2 \a\ Hk+5 ), 

from which and (14.111) . we conclude the lemma. □ 

Now we are in a position to prove Theorem 14.61 

Proof of Theorem 14.61 By the definition of G(a, b), 

fc-i 

[a a G{a,b)a a ,A k a ]f = £ K\a a g a {X, D)a a , AJAJ"*" V 

8=0 

fc-1 



+ KWaRaCTa, AJA^"*" 1 / ±1 + 11. 



i=0 



Using Lemma 13.51 and Lemma I4.8[ we get by the interpolation argument that 

\I\ H % < M k (m + 3)(|/|^ 2fc+ i + \f\ H ™o+i\ a \ H 2k+l)- 
And by Lemma [3.51 Prop. 14.41 Prop. 13.31 and Lemma 14. 10[ we have 
\H\ H % < M k (2m + 2)(\f\ H , 2k+ i + \f\ H m +2\a\ H 2 k +4). 
This completes the proof of Theorem 14.61 □ 
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5. The linearized water wave equations 
5.1. The linearized system. We rewrite the water wave equations (II. lip as 

d t U + F{U) = 0, (5.1) 
where U = ((, tp) T and F{U) = (Fi(U), F 2 (U) T with 

F 1 (U) = -G(CW, 

Tim f+ l \x? h fl (g(C)^ + VxC • Vx^) 2 

K{U) =9C + 2 1 V^l 2 (l + |VxCI 2 ) (5-2) 



x ■ 



a/i + IVxCI 2 



We will linearize the system ( 15.11) around an admissible reference state in the 
following sense: 

Definition 5.1. Let T > 0. We say that U_ = (£, ip) T is an admissible reference 

state if (C,^-#=o) T e C([0, T]; if°°(R d ) 2 ) and _ V x ^k=o e and if 

moreover 

3h > such that min{-6,C - b} > h on [0,T] x M d , 
where y = is a parameterization of the bottom. 
The linearized operator C associated to ( 15. ip is given by 

C := d t + duJ 7 , 

where 

, r , -dcG(-)^ -G(0 

ay J- — 



g-Zd c _G(-)^-Zv-\7 x -A -ZG(Q+v- V x ) ' 

with Z = Z(U), A = A(U) and v = v(U), and for all U = (C,^) T smooth 
enough 

Z(U) := 1 Tja (g(CW + VxC " V^), 
1 + | VxCI 



A(E7) := kVx ■ 



Vx VxC(VxC ■ V 



x, 



Lv/l + lVxCI 2 (l + |VxCI 2 ) 
According to Theorem 3.20 in |13j . we have 

^(•^■C = -G(C)(^C)-Vx-(C^), 

so that C becomes 



3 

2 -I 



£ = & 



f G(C)(^) + Vx-(-^) -G(C) 
\ZG(Q (Z-) + (g + ZWx ■ v) - A -ZG(() +v-V x )' 



20 MEI MING AND ZHIFEI ZHANG 

Taking V = (£, — Z_Q T as a new unknown, the linearized equation CJJ = G 
is equivalent to 

MV = H on [0,T]xM d , (5.3) 

where 

with a := g + <9(.Z + j; ■ V xZ_. 

5.2. Well-posedness of the linearized system. We consider the linearized 

system 

{% V = H V , with M^« + ( V -(J' (5.4) 
[ K | t=0 = Vo V a- A v-VxJ 

We obtain the following well-posedness and tame energy estimates of (15 Ah . 

Proposition 5.2. Let T > and U_ be an admissible reference state. Assume 
that H G C([0,T] x H°°(R d ) 2 ) and V G H°°(R d ) 2 . Then there is a unique 
solution V G C 1 ([0,T], J ff oo (R a! ) 2 ) to (E3D and for all k G N, there exists a 
constant such that 

r (*)l H 2fe+i XJi -2fc+i 

< C&e kt [\Vo\ H2k+lxH2k+ i + \ Vo\ H2mo+lxH2mo+ i (1 + |C|ff 



2fe+2 



v 

+ I Vo| H 2m + 1 x ^2m + | 

X f e Ck{t ~ T) {l + |C|flS*+* + \v\ H 2k+2 + |0-^| 2fe+ l + \d t (\ H 2k+2)dT, 

Jo 

where C k = C(k,n,B, \(\mo, \v\h 9o 7 \a — g\n^i \9tC\wo)-, and go is a constant 
depending only on d. Moreover, if A4 satisfies the Levy condition 

3c >0 such that a(t,X)>c , V(i, X) G [0, T] x R d , (5.5) 

there exists a constant Cfc independent of k such that 

Iv^Vi^lw + \V(t)\ H2kxH2k+i < C k e Ckt [\^V m \ H 2 k+ , 

+ \ V 0\ H 2k xH *k+h + \ V 0\ H 2 m0xH 2 m0+ l(l + |C|W)] 

+^ f z Ck{t ~ T) l\ H \ H 2 k+ , xH ^l + 1^1^x^4-1(1 + ICI^)]dr 

«/ 

+ Cfc|Vb|^ 2mo><H 2m 0+ l 

x y e Ck{t - r) {\ + |C|h^+4 + |w| H 2 fc+2 + \a- g\ H2k+ i + \d t C\ H 2 k+ 2)dr, 
where C k = C(k,c ,B, \(\mo, \v\ H io, \a- g\ H v>, \d t (\mo). 
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Proof. As the existence of solutions to (15.41) follows from the a priori esti- 
mates for the approximate solutions( which can be constructed by a parabolic 
regularization as in [13]), here we only present the a priori tame estimate to 
smooth enough solutions of (15 .4p . 
We rewrite the linear system (15. 4p as 

d t V 1 + V x -(vV 1 )-GV 2 = H 1 

d t V 2 + (a-A)V 1 + v-V x V 2 = H 2 (5.6) 

n=o = V 

where we write G for G((). We introduce the following energy functional E^{V) 
defined by 

E k {V) := {A k aV l ,o-- 1 {a-A)a- 1 A k o-V 1 ) + (A k a- 1 V 2 , oG ok k (j- x V 2 ), 
where 

A = l^l 2 - 1 + p v ^| 2 A^ a = (l + |VxC| 2 )-- 

Fix a constant A > to be determined later. We have 

= e~ 2Xt [-2XE k (V) + 2{A k d t ( aV 1 ), o-\a - A)a' x A k aV x ) 

+2{A k d t {o-- 1 V 2 ),o-GorA k o-- 1 V 2 ) + (AWx, [d t , <r _1 (a - A^AVVl) 
+(AV-V 2) [dt, o-Ga]A k o-- l V 2 ) + 2{[d t , A k ]aV u a~\a - A)a- 1 A k aV l ) 
+2([d t , A k ] a' V 2 , aGa~A k a~ V 2 )] 
^e- 2Xt (I 1 + --- + I 7 ). 
Let us begin with the estimates of Ii — I 7 . 
Estimtates of I 2 + I 3 . 

I 2 = 2{A k {d t a)V l ,a- 1 {a-A)a- 1 A k o-V 1 ) 
+2{A k ad t V u a-\a - A)a~ 1 A k aV 1 ) 

— hi + -^22- 



By Lemma 13. 5[ we have 

I/21I < C k [\V x \ 2 H2k + K\Vx\ 2 mk+1 + |Vi|| roo (|C|^ 2fc+2 + \dt(\ 2 H , k+ 2)}. (5.7) 
Using the first equation of (15. 6ft . we rewrite I 22 as 

I 22 = 2(A k o-GV 2l a-\a- A)a- 1 A k aV 1 ) 

-2(AVV/i, o-~\a - A)a- 1 A k aV 1 ) 

-2{A k a^{V x • v)V h o-~\a - A^AWi) 

+2(A k aH u o--\a - A) a- 1 A k aV 1 ) 

— ri j L/4 

— J 22 ^ 1 J 22- 
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Here the operator V„ is defined by 

Since V„ is an anti-adjoint operator, we have 

4 = 2([AV,V £ ]V 1 ,(T- 1 (a- i 4)(7- 1 AVy 1 ) 
-(A k aVt, [a-\a - A)cr~ X , VjAWi), 
which together with Lemma 13.51 gives 

+ \v\ 2 H2k+2 )]. (5.8) 

Again, we get by Lemma [3.51 that 

141 < CfcOVil^ + KlVil^ + IViIWICIh*** + MWOL ( 5 - 9 ) 

and 

141 < C k [\H x \ 

(5.10) 

The term l\ 2 will be handled together with J 3 . We have 

J 3 = 2(k k (d t a- l )V 2 , aGak k a~ l V 2 ) + 2(A fc ( x- 1 <9 t V 2 , aG<jA k a~ 1 V 2 ) 

— hi + -^32- 

We get by Prop. 14.31 and Lemma [3.51 that 

|/ 3 i| < C^a^a^V^ + laA'a-'V^) 

< c k [\v 2 \ 2 H2h+h + \v 2 \U(\C_\ 2 H ^ + \dtC\ 2 H ^)l ( 5 - n ) 

From the second equation of (15.61) . we get 

J 32 = -2{A k a~\a- A}V 1 ,aG<rA k <T- 1 V 2 ) 
-2(A fe a- 1 V^ 2 , cGaA k <T- V 2 ) 

+2(AV- 1 ^(Vx ■ v)V 2 , aG<rA k a- 1 V 2 ) 
+2{A k a- 1 H 2 , aGaA k a- 1 V 2 ) 

— /I _| L/4 

— J 32 + J 32- 

Again, by the fact that V £ is anti-adjoint, we have 

4 = -2{[A k <y-\V^V 2 ,aGa~A k a~ l V 2 ) + (AV~V 2 , [aGa, VjjAV" V 2 ). 

The first term above can be handled as in J31, and for the second one we need 
to use Prop. 3.18 in [13]. Then we get by Lemma 1331 that 

141 < c k [\v 2 \ 2 R2k+h + \v 2 \U(\C\ 2 H ^ + l< 2fc+i )]- (5.12) 

Similarly, we have 

t3 1 ^ r< Tit/ |2 , it/ |2 /1 Al2 



141 < C k [\V 2 \ 2 R2k+h + \V 2 \ 2 Hmo (\C\ 2 H2k+ s + \v\ 2 H2k+ s)l (5.13) 
141 < C k [\H 2 \ 2 n2k+i + \V 2 \ 2 H2k+h + (\H 2 \ 2 Hmo + |y|^o)iCl^ fe+i ](5.14) 
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Now it remains to estimate l\ 2 + I\ 2 . We have 

+ = 2{A k aGV 2 ,cx- 1 {a-A)a- 1 A k aV 1 ) 
-2(A k a-\a - A)V h aG<jA k <T- 1 V 2 ) 
= 2(11 + III). 
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By the definition of A, 

A = k\/ x 



VxC(VxC ■ V 



x, 



i + | Vx ci 2 (i + |VxCI 2 )^ 



so we get 



II 



= kV x ■ [a 2 V x - a 6 VxC(VxC • Vx)], 

(A k aGV 2 ,qa' 2 A k aVx) 
-K(A k aGV 2 , a^Vx ■ a 2 V '^^AH) 
+/<A fc <xGV 2 , a^Vx • a 6 VxC(VxC • Vx^ 1 ^)) 
4 Ih + Ih + Ih. 

We rewrite J/i as 

Hi = (aGaA k a- 1 V 2 ,A k qa- 1 V 1 ) + ([A k ,aGa]a- 1 V 2 ,aa- 2 A k aV 1 ) 
+(aGaA k a~ 1 V 2 , \aa~ 2 , A^aVj 
4 II n + II 12 + II 13 . 

By Lemma [3.51 Prop. 14.21 and Thm. 14.61 we have 



|ftx| 4 |// 12 + II l3 \ < C fc [|K|^ + |V 2 |* 
Now, we decompose J/2 as 
I/ 2 = 



+ |^|^IC|WJ- (5-15) 



-k(A*<7GV 2 , ■ ff[(7V X ff _1 , A*]<tK) 

-/<A fc aGV2, (J- l V x ■ ctAVVxVi) 
— re(A*a'Gl^, (7 _1 (Vj(7) • [<7Vx<j-\AV^i) 
-K(A k aGV 2 ,a- 1 aVx ■ [ffVxff^ 1 , A fe ]oVi) 

JJ 2 i + II 22 + H 23 + Hu- 



We get by Lemma [3.51 and Prop. 14.21 that 



(5.16) 
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We write II 22 as 

II 22 = -K{K k <yGV 2l V x -[ l jV x a-\K k }aV 1 ) 

= -K(A k aGV 2 , aV x • ^[aVx a~\ A*]^) 
+«(A fc o£V r 2 , (t(Vj(7- 1 ) ■ [aVx(T -1 ,AV^i) 

A ttI , rr2 

— J J 22 J J 22- 

As in f)5.16p . we have 

< c k [K\v x \^ + W H2k+h + |v|!UICIw4 ( 5 - 17 ) 

We write 1/23 as 

U23 = -^AVG^Ja^Vx^A^-aVx^) 
-K(AVGy 2 , AV _1 (Vx ff) • (7Vjr7i) 

= -^23 + ^23" 

As in f)5.16p . we have 

1/41 < c k [K\v x \ 2 H2k+1 + |v 2 |^ fe + ivi^olClWa]- (5.i8) 

We write II 2 4 as 

// 24 = - k (AVGF 2 ,Vx- AVVxVi) 

= -K(A k aGV 2} aV x ■ (t _1 AVVx^i) 

= -n(A k oGV 2 , [aVx<?~\A k }-aV x Vi) 
-K(A k aGV 2 , A k aV x -W x Vi) 
+K(A k aGV 2 , KVxff- 1 ), A fc ] ■ aVx^i) 
+k(AVGV 2 , AV(Vx^ _1 ) • ffVx^i) 

^ 14 + • • • + 14. 

As in (15.1 6p . we have 

+ l^l^fc + M^olClfpfc+s]- (5.19) 
And from the above calculations, we find that 

// 2 2 3 + // 2 2 4 + // 2 4 4 

= -K(A k aGV 2 , A k [a-\V x a) ■ aV x V x + aV x ■ V X V X - a(V x^ 1 ) ■ aV xV^) 
= -K{A k <jGV 2 ,A k [a- x {V x a) ■ aV x V x + a^aV x ■ aV x Vi\) 
= -K(A k aGV 2 ,A k a- 1 V x ■ cx 2 Vx^i), 
and we also have 

Il\ 2 + 11^ = -K(A k aGV 2 , aV x ■ o- l [oV x a-\ A^aVx) 
-K(A k aGV 2 , [aV x a-\A k ] ■ aV x Vi) 
= - K (A k aGV 2 , [(aV x a- 1 -) 2 ,A k ]aV 1 ). 
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Summing up fl 5 . 1 6 [) - f 1 5 . 1 9 j) . we obtain 

II 2 = -K{k k aGy 2 ,K k a- 1 V x -{a 2 V x V 1 )) 

-n(A k aGV 2 , [(ffVxff- 1 -) 2 . A>^i) + ^2, 
where the remainder terms 7Z 2 satisfies 

n 2 < c k [\(^v u v 2 )\ 2 H2k+ixH2k+ i + \v\ 2 Hmo \c\U +3 ]. (5.20) 

Similarly, JJ 3 can be written as 

II 3 = K(A k aGy 2 ,A k a- 1 V x -(7 6 VxC(^xC-^xV l )) 
K(A k aGV 2 , [(a 3 VxC • Vx^ 1 -) 2 , A fc ] aV x ) + TZ 3 , 
where TZ 3 has the same estimate as TZ 2 . So, we arrive at 

// = (aGaA k a- 1 V 2 ,A k aa- 1 V 1 ) -{A k aGV 2 ,A k a- 1 AV 1 ) 

- K (A k aGV 2 , {(aVxcr- 1 -) 2 - (a 3 V x C • V^" 1 -) 2 , A fc ] aV 1 ) 

+^1+^2+^3. (5.21) 

On the other hand, 

/// = -(A^aVi, oGa~A k a- l V 2 ) + (AV" 1 AVi, [<rG?> A*]* -1 ^) 
+(A k a- 1 AV 1 ,A k aGV 2 ), 

which together with (15.21jl gives 

4 + 4 = ^K^aGV^KaVxa- 1 -) 2 - (a^xC-Vxa- 1 -) 2 ,^^) 
+2(A k a- 1 AV 1 , [aGa, A fe ]<x~V 2 ) 

+n 1 + -jz 2 + n 3 

= ^4 + ^5+^1+^2+^3. 

By Lemma I3.5[ Lemma 13.81 and Thm. I4.6[ we have 

< 2K\A k aGV 2 \ H ^\[(aV x cr- 1 -) 2 -(cr 3 VxC- V x^-f^^m 

ICIlr 2fc + 4 ] ' 

TZ 5 < 2|AV- 1 AV 1 | H - 1 |[aGa,A fc ]a- 1 V 2 |^3 

< c k [\(^v u v 2 )\ 2 H2k+ixH2k+h + \v\ 2 HmoxHmo+2 \C\ 2 H2k+i] ■ 

which together with ljO)- <jQ3L (15151) and and (IQOl give 
l/a + Jsl^^/clVxlUfi + l^^i) 

+ C k \V\ 2 Hm0xH m +2(\C\ 2 H 2k+4 + |^|^2fe+2 + | Cb ~ Q | ^ 2fc+ 1 + |^tCllr 2fe + 2 ) 

+C fe [|if|^ 2fc+ix ^ 2fc+ i + |fi"Hp»o|Cl|ah+a]- 
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Estimates of J 4 — J 7 . Since the estimates are very similar as above but much 
simpler (by Lemma I3T51 and Prop. 3.19 in [T3] for 7 4 ), we omit it here. We have 

\h + --- + h\ 

< c k [K\v^ mk+1 + \v\ 2 H2kxH2k+ > + \v\ 2 Hmo (\c\U + * + \9tC\U +2 )]. 

The total energy estimate. We finally obtain 

< -2Xe~^E k (V) + e-^C^V^ + M^*****) 

+e~ 2Xt C k \V\ {\C\ 2 H 2 k+ 4 + \v\ 2 H 2 k+2 + \a - g\ 2 R2k+ i + l^tCl^+a) 

+e- 2Xt C k [\H\ 2 H2k+ixH2k+ , + I^I^KI^]. (5.22) 

To complete the energy estimates, we still need the following lemma: 

Lemma 5.3. There exists a positive constant C mo depending only k, |o|i,«>, 
and |Cl_H" m o+ 3 such that the following inequalities hold 

-c ma \v\\„„{i + \v x c\ Jj2 k +l), 
E k (V) < C mo (|(^i,^)i^ fc+lxif2fc+ i+^i|^) 
+C mo \V\ 2 Hmo {l + \V x C\ 2 H2k+1 ). 
Proof of Lemma 15.31 We write 

E k (V) = E k (V 1 ) + E k (V 2 ). 

where 

E k {V x ) = (AH, a~\a - A)a- 1 A k aV 1 ), E k (V 2 ) = (A k a^V 2 , aGaA k a- 1 V 2 ). 
Set / = a~ 1 A k aV 1 , we get 
E k {V x ) = {f,a-Af) 



f ,„2^, f ( 1 + \Vx(\ 2 )\V x f\ 2 -\V x C-V x f\ 2 

/ a\f\dX + K / = dX 

V V (1 + lVxCl 2 )^ 



(l + |VxC| s 



which implies that 

C^K\V x f\h < Ek(Vx) - [ a\f\ 2 dX < C mo K\V x f\h. 
On the other hand, by Lemma 13. 5113. 71 we have 

\f\b > C™ \Vi\U -C mo |Vi|| f » (l + |VxCI 2 ^), 

\f\h < On [N^ + IVvCIh-)], 
\V x f\h - C'llV^ik+i - C mo |Vl||-»n (l + \V X (\ 2 H 2k+l, 
\Vxf\h < Cm [\Vl\ 2 H * k+1 + |Vl|lpno(l + \Vx(\U + i] 
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from which, we get 

E k {V x ) + C mo \V x \ 2 HmQ {\ + IVxCIWO > C-J^l^l^ +inf a|y x |^], 
Ek(V\) < C mo [n\Vi\ff 2 k+i + \ Vi\ 2 H2k + \ Vi\ 2 Hmo (l + \V xC\ 2 H 2k+i)] ■ 
We now turn to E k (V 2 ). Set g = aA k a~ 1 V 2 , we have 

E k (V 2 ) = (A k a- 1 V 2 ,aGaA k a- 1 V 2 ) 4 (g,Qg), 
which together with Lemma [3.51 Lemma [3.71 and Prop. 14.31 gives 
E k (V 2 ) > C\g\\ - fi\g\ 2 L2 

= C\k k a~ l V 2 \ 2 Hh - ^\k k a- x V 2 \l 2 
- C^\V 2 \ H2k+ i - C mo \V 2 \ 2 Hmo (l + |VxC|^ 2 fc+i) 

|VxC| 



> Cmol^l^+i - c mo |y 2 |^ (i + |VxCI^ 2 fe+i)' 



which leads to 



E k (V 2 ) + C mo \V 2 \ 2 Hmo (l + |VxCl^ 2fc+ i) > C m ]\V 2 \ 2 H2k+h . 

And we also have from Prop. 14.31 and Lemma [3.51 

E k (V 2 ) < C mo \V 2 \ 2 H2k+ i + C mQ \V 2 \ 2 Hmo (l + \VxC\ 2 H2k+ i)- 

This finishes the proof of Lemma 15.31 □ 
Now we are in a position to complete the proof of Proposition 15.21 By (15.221) 
and Lemma l5\3l we get 

< (-2\ + C k )e- 2Xt E k (V) 

+ e 2Xt C k \V\ 2 Hm0xH m +2 (l + |Cllf2fc-|-4 + \v\ 2 H 2k+2 + |fi — g\ % 2k+ l + |9 t C|^2fc+a) 

+e- 2A *L74|^l^ +lx ^ + i + \H\h-o(1 + \<\U + *)]. (5.23) 

Taking A such that — 2A + C k < 0, the first estimate of the Proposition follows 
easily from Lemma [5.31 Note that the constant C k in H5.22I) is independent of 
k. So, if a satisfies (15.51) . C k in f!5.23j) is also independent of k by Lemma [5.31 
This completes the proof of Proposition 15.21 □ 

5.3. The Levy condition. Let us introduce the pressure P as 

-P = d t ±+ l -\V x , y <P\ 2 + gy. 

where is a solution of the elliptic equations 

-A X)?/ = O on Q(t), 
(p\ y =C(t,x) = -i>(t,x), d n _^\ y=b{X ) = 0. 



— d n+ E_\y=({to,X) — tt(to,X) 



VxC(to,X)-V x „ , VxC(to,^) 



l+|VxC(^0,X)|2 A /l + |VxC(t0,X)|2 
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If the admissible reference U_ solves the water wave problem (15. ip at time t , we 
find from the proof of Proposition 4.4 in [13] that 

VxC(to,X) 

P\ y =<(t ,x) = ~kV x ■ ( ~ =), (5.24) 

/ l + |VxC(to,^)| 2 



(5.25) 



So, the Levy condition is equivalent to the Taylor sign condition for k = 0. In 
what follows, we show that 

Proposition 5.4. Let b = — 1. If f/ solves the water wave problem (15. ip at time 
t and the surface tension coefficient k is sufficiently small, the Levy condition 
still holds: there exists c > such that 

a(t ,X)>c on R d . 

Proof. Note that -A x , y P = A(§|V x>y 0| 2 ) and 

A(^|Vx>| 2 ) = |V^| 2 , -9 n _(i|V^0| 2 )|,=-i = 0, 

we have 

-A X) ,P=|V^0| 2 on fi(t), 

P\y=«t ,X) ~ -KVx ■ ^ lMV - x ^ x)? ), 4,_£|y=-l - <7- 

From (I5.25p . it suffices to prove that if k is sufficiently small, there exists a 
constant Co such that — d n+ P\ y =£(t ,x) > 2c . We will follow the argument of 
Lemma 4.1 in [19]. We denote by T t the free surface, and by Ti, the bottom. 
For any h G Co(r t ), /i > 0, let w be a solution of the elliptic equation 

dw 

-Aw = 0, w\ Tt = h, — \r b = 0- 
Applying Green's second identity to w and P + gy, we obtain 

_ f w ^f dS = [ \\7 2 x J\ 2 wdV- [ P^dS 
Jr t dn J m ' y - J Vt dn 

f dy dw 

J Vt on on 

Applying Green's second identity again to w and y, we get 

f dy dw f 

JJ W dn-- y d^ )dS = J Tb WdS - 

Let G = G(r),£) be the Green's function on £l(t), i.e. 



A^G( V ,0 = M0 G( V ,O\r t = 0, 



dn(C) 
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Then we have Green's representation formula 
Therefore, we obtain 

- 1 ft («i rfS «) a I "<« ( i w d5(,))dS(0 

- 1 ft(f) a4) </ r .^'^ W <is(,,))<iSK) ' (5 ' 26) 

From the maximal principle, we know that there exists a constant Cq such that 



/ ^T7^dS( V )>3c , for any £ G T,. 
ir b #n(0 



Since /i > is arbitrary, we get from ( 15.261) and ( 15.24R that 

—d n+ P\y=c(t ,x) > 2c , 
if k is sufficiently small. □ 

6. The Nonlinear Equations and zero surface tension limit 

6.1. The water wave equations with surface tension. Assume that the 
surface tension coefficient k > 0. Then we prove 

Theorem 6.1. Let b G C£°(R d ). There exists P > D > such that for all 
Co G H s+p (R d ) and ^ be such that VxV'o e H s+p (R d ) d , with s > M (M 
depends on d only). Assume moreover that 

min{Co — b, —b} > 2ho on R d for some h > 0. 

Then there exist T > and a unique solution ((, ip) to the water-wave sys- 
tem (11.111) with the initial condition (CojV'q) an d sucn that (C)V' — V'o) G 
CWO^T], H s+D {R d ) x H s+D {R d )). 

We will use a simplified Nash-Moser theorem in [3 J to solve (11.111) . We rewrite 
the water wave equations (11.111) as 

dtU + F(U)=0, U(0,x) = U o (x), (6.1) 

where U = (C,^) T and T{U) = {Fi{U), T 2 {U) T with ^(U) and F 2 (U) given 
by (15.21) . In order to use Theorem l(with e — !,£, — 0) in [3J, we firstly 
verify the assumptions on the nonlinear operator Assume that U_ is an 

admissible reference state. Note that U_ dose not necessarily belong to Sobolev 
space because i/j\t=o is not necessarily in a Sobolev space (though its gradient 
is). In what follows, we use \U\u a to denote the quantity 

\U_\H a '■= \U — U\t=a\n a + \^xlL\t=o\H a - 1 - 
By Prop. I4.2[ there holds for a > qo 

\HU)U<C(a, \U\hS?)\U\h, 



+2. 

T 
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We know from the expression of djjT that 

g( - Zd c _G(-)l -C-Zv-VxC + AC- ZG(()i> + v-V x ^ 

from which and Prop. 3.25 in [13], it follows that for a > q 

\duf-U\ H « < C(a, \U\h* t °iT) [\U\ap* + 1^1^^]. 

We can compute d^T from the expression of d\jT , and then get by Prop. 3.25 
in [T3] that for a > q 



{d 2 ^ ■ (U,V)\ H » < C'(a ) S,|[/|^o,T)[|[/|^oiF| if a +2 + |C/| H » +2 |y 

+ \U\h^\V\ h ^\U\h^}- 



H q T ° 



T JJ T 

To verify the assumptions on the linearized equations, we need to introduce 
two scales of Banach spaces X a and F a as follows: 

i i 
X a = f]C^[0,T];H a -^(R d ) 2 ), \u\ xa = Y,\dlu\ K -2^ 

j=0 j=0 

F a = C([0,T};H a (R d ) 2 ) x H a (R d ) 2 , \(f,g)\ F a = \f\ H « + \g\ H a, 
and for (f,g) G F a and t e [0,T], 

-t 



T a (tJ,g) = \g\ H a+ [ sup \f(t")\ m dt'. 

Jo t"&\0,t'\ 



lo t"e[o,t'] 

We consider the linearized system of ( 16. ip 

# V = I , with X = d, + f V - W . (6.2) 

H=o = Vo ' — * \ a- A v-VxJ V; 

For any s > q ,U_ <E X s+4 , (if, Vq) £ F s+1 , from Prop. 15.21 there exists a unique 
solution V E C([0, T];H s (R d )) to O such that 

\V\ H ' T < C(s, k, \U\x*,T) (J s+1 (t, H, Vq) + |C/U^°(t, if, Vq)) . (6.3) 

Then Theorem 1 in [3] ensures that there exist T > and a unique solution U 
to dSU. 

6.2. Zero surface tension limit. For the flat bottom, we prove that 

Theorem 6.2. Let b = — 1 and (CcbV'o) satisfy the same assumptions as Theo- 
rem [6J] Assume that the surface tension coefficient k is sufficiently small. Then 
there exist T > independent of k and a unique solution (£ K , -^ K ) to (11. lip with 
k > such that (C^ K - Vo) e H s+D {R d ) x F s+D (M d )). Moreover, 

as k tends to zero, the solution tp K ) converges to the solution (£, ^) of (11.111) 
with k = 0. 

Proof. If the surface tension coefficient k is sufficiently small, the Levy con- 
dition holds. Thus, the estimate (16.31) is independent of k by Prop 15.21 By 
Theorem 1 in [3], there exist T > independent of k and a unique solu- 
tion £/ K of dSH) which is bounded in C( [0 , T] ; if ) . Then there exists 
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a subsequence of {U K } K>0 which converges weakly to some U . By a standard 
compactness argument, we can prove that U is a solution of (16. ip with k = 0. 
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